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Abstract 

Under the hypotheses of smoothness of the interactions in the cou- 
pling constant, locality, Poincare invariance, Lorentz covariance, and the 
preservation of the number of derivatives on each field in the Lagrangian 
of the interacting theory (the same number of derivatives like in the free 
Lagrangian), we prove that the only consistent interactions in D = 11 
among massless gravitini, a graviton, and a 3-form are described by N = 1, 
D = 11 SUGRA. 

PACS number: ll.10.Ef 

1 Introduction 

In this part we use the results from Refs. pQ, [2J, and [3] and approach the 
fourth (and final) step of constructing all possible interactions in D = 11 among 
a graviton, a massless Majorana spin-3/2 field, and a three- form gauge field. Of 
course, we maintain the same working hypotheses like in the first three parts, 
namely smoothness of interactions in the coupling constant, locality, Poincare 
invariance, Lorentz covariance, and the preservation of the number of derivatives 
on each field in the Lagrangian density of the interacting theory. First, we put 
all the fields together and investigate if there are consistent interactions vertices 
at order one in the coupling constant involving all of them. The answer is 
negative, such that the first-order deformation of the solution to the master 
equation is completely known from the previous steps. Second, we analyze the 
consistency of the first-order deformation at order two in the coupling constant. 
This restricts the six constants that parameterize the first-order deformation to 
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satisfy a simple, algebraic system. There are two types of solutions, but only one 
is interesting from the point of view of interactions (the other allows at most the 
interactions between a graviton and a 3- form). Third, we analyze this solution 
and observe that it systematically reproduces the Lagrangian formulation of 
D = 11, N = 1 SUGRA. Therefore, we can state that all consistent interactions 
in D = 11 among a spin-2 field, a massless Majorana spin-3/2 field, and a 
three-form that comply with our working hypotheses are uniquely described by 
D = 11, N = 1 SUGRA. 

2 No simultaneous interactions at order one in 
the coupling constant 

Now, we put together all the three kinds of fields (graviton, massless gravitini 
and three-form) and start from the free action 

S L [V, Vp. <M = / d n x (4 + £ A + Cf) (1) 

in D = 11, where C A , and Cq denote the Lagrangian densities of the 
Pauli-Fierz model, of an Abelian three-form, and of a massless Rarita-Schwinger 
field respectively (see Section 2 from Ref. [T] and also Section 2 from Ref. [2]). 
Consequently, the BRST symmetry of the free model ([T]) is written as 

s = i (s h - A + s A ^ + s h ^) , (2) 

where s h,A , s , and s h '^ denote the BRST symmetries of the free models 
respectively approached in Refs. [1] , [2] , and [3] . The overall BRST differential 
(J5J) further decomposes as 

s = 5 + 1 , (3) 

where 8 stands for the full Koszul-Tate differential and 7 represents the total 
longitudinal exterior derivative. Both operators from the right-hand side of ([3]) 
can be written in a manner similar to @, but in terms of the corresponding 
operators built in Refs. pQ-[5] 

6 = X - (S h - A + 5 A <^' + 6 h ^) , 7 = ~ ( 7 h ' A + 7 A ^' + 7 h -^) . (4) 

The actions of S and 7 on the generators from the BRST complex associated 
with theory {T]) are given by 

6h*^ = 2H^, SA*^ P = ^dxF^ pX , 8^*» = -id^j 01 ^, (5) 

Srf* = -2d v h*» v , 5C*» V = -3d p A*^ p , 8£* = d^, (6) 
6C*i' = -2d v C*' tv , SC* = -d lx C*i J -, 5 x n = 0, (7) 
7Xn = °> iKv = d (nVv), lA MVp = dfrCyp], yipp = dp,£, (8) 
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7»7„ = 0, 7<V = fy.C»]> 7^ = 0, 7^ = 9 m C, 7^ = 0. (9) 



In formulas ©-([H]) we denoted by x the entire field/ghost spectrum and by 
Xo their antifields. 

At this point, we will rely on the previous results exposed in Refs. PQ-[3] 
related to the first-order deformation of the solution to the master equation in 
the various sectors of theory ([1]) and to the associated local BRST cohomologies 
in order to determine the expression of the first-order deformation for the full 
model. 

Let us denote by Si the first-order deformation of the solution to the master 
equation for theory (QJ, which is solution to the equation 

aSi = 0. (10) 

The functional S\ naturally decomposes into 

Si = Si 1 + S A + Sf + S*~ A + S A ^' + S^' + 5j nt . (11) 

Some of the terms from the right-hand side of (jTTJ) have already been constructed 
in Refs. PQ-[3]. Their significance is as follows: 

• Si means the first-order deformation in the Pauli-Fierz sector (it depends 
only on the BRST generators associated with the Pauli-Fierz model) and 
has been extensively investigated in the literature. Its nonintegrated den- 
sity is given for instance in formula (47) from Ref. pQ; 

• S A represents the first-order deformation for the 3-form (it involves only 
the BRST generators corresponding to an Abelian 3-form) and was ex- 
plicitly computed in Ref. pQ, see formula (52). 

• Sf signifies the component of the first-order deformation in the Rarita- 
Schwinger sector (it comprises only the BRST generators for a massless 
Rarita-Schwinger vector spinor) and was deduced in Ref. [2J, see formula 
(50); 

• Si~ A denotes the first-order deformation related to the cross-couplings 
between a Pauli-Fierz field and a 3-form (it effectively mixes the two sorts 
of BRST generators) and was built in detail in Ref. pQ, see formula (77); 

• S A ~^ is the first-order deformation describing the interactions between 
massless gravitini and a 3-form (again, it effectively couples the BRST 
generators from the vector spinor complex with those of the 3-form) and 
was approached in Ref. [2J, see formula (110); 

• Si stands for the first-order deformation expressing the cross-couplings 
between a spin-2 field and a massless Rarita-Schwinger spinor (it effectively 
combines the Pauli-Fierz BRST generators with those from the vector 
spinor sector) and was analyzed in Ref. [3]- Its nonintegrated density is 
the sum between the components listed in formulas (20)— (22) from Ref. [3]; 
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• Finally, S*" 1 * is the first-order deformation that gathers simultaneously all 
the three types of BRST generators and thus describes (at least cubic) 
interaction vertices containing the spin-2 field, the massless gravitini and 
the 3-form. It will be investigated in the sequel. 

Since each of the first six components from the right-hand side of (fTTj) satisfies 
an equation of the type (|10p . it follows that S™ 1 is subject to the equation 

sS\ nt = 0. (12) 

In order to compute the general solution to this equation, let us denote by a lnt 
its nonintegrated density, such that the local form of (JT2J) is 

sa hlt = d^mjf , (13) 

where mjf* is a local current. Eq. (|13p shows that a mt S H° (s\d), where d is the 
exterior spacetime differential in Mu. The solution to (|13p is unique modulo 
the addition of s-exact terms and full divergences 

a int _^ a int + sc int + 9 M„int_ ( W ) 

If the general solution to Eq. (fT3|) is purely trivial, a mt = sc nlt + d^n™ 1 , then it 
can be taken to vanish, a lnt = 0. 

In order to analyze Eq. ([IB")) , we develop a lnt with respect to the antighost 
number 



agh(ar t )=z, gh(ar t )=0, e (of) = 0, (15) 



and assume, without loss of generality, that decomposition (|15p stops at some 
finite value of /. Replacing (fTS"]) into (flU)) and projecting it on the various values 
of the antighost number by means of (O, we obtain that (fT3")) is equivalent to 
the tower of equations 

/ r\int 

(16) 
(17) 
(18) 

/^int\ /,^int\ 

where I I are some local currents, with agh I J = i. Eq. (|16p can 

be replaced in strictly positive antighost numbers by 

74 nt = 0, I > 0. (19) 

Due to the second-order nilpotency of 7 — 0), the solution to (fT9|) is unique 
up to 7-exact contributions 

int int , int (or\\ 

a j — ► a j + 7c 7 . (20) 





74 nt 


, int 

= ^ , 




Saf* 


+ 74-1 


= m M , 






+ 74-1 


= , 


l<i< J-l 
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Meanwhile, if it turns out that a 1 / 1 ' reduces to 7-exact terms only, af* = 7Cj nt , 
then it can be made to vanish, o™' = 0. In other words, the nontriviality of 
the first-order deformation a mt is translated at its highest antighost number 
component into the requirement that aj l S H 1 (7), where H 1 (7) denotes the 
cohomology of the exterior longitudinal derivative 7 in pure ghost number equal 
to /. So, in order to solve Eq. (equivalent with §T§§ and ([T7J)-([Tg)), we 

need to compute the cohomology of 7, H (7), and, as it will be made clear below, 
also the local cohomology of 5, H {8\d). 

Using the results derived in Refs. regarding the cohomology of 7, we 

can state that H (7) is generated on the one hand by F pvp \, d^Vvji an d 
KvvaPi together with their spacetime derivatives and, on the other hand, by the 
undifferentiated ghost for ghost for ghost C, by the undifferentiated ghost £ as 
well by the ghosts rj^ and their antisymmetric first-order derivatives d^r/^ . So, 
the most general (and nontrivial) solution to (|19[) can be written, up to 7-exact 
contributions, as 

a T = 011 ([F^px] , [d\p^u]\ , [Kn Va p] , [Xa]) ^ £, V^^Vu}) , (21) 

where the notation / ([q]) means that / depends on q and its derivatives up to 
a finite order, and ui 1 denotes the elements of a basis in the space of polyno- 
mials with pure ghost number / in the corresponding ghost for ghost for ghost, 
Rarita-Schwinger ghost, Pauli-Fierz ghosts and their antisymmetric first-order 
derivatives. The objects ai (obviously nontrivial in H° (7)) were taken to have a 
finite antighost number and a bounded number of derivatives, and therefore they 
are polynomials in the antifields xh> m the linearized Riemann tensor K pua p, in 
the antisymmetric first-order derivatives of the spin-vector, an d in the 

field-strength of the three-form F pvp \ as well as in their subsequent derivatives. 
They are required to fulfill the property agh (a/) = I in order to ensure that 
the ghost number of a 1 / 1 * is equal to zero. Due to their 7-closeness, 7a/ = 0, 
and to their polynomial character, ai will be called invariant polynomials. 

Inserting (|2ip in (| 1 T[> . we obtain that a necessary (but not sufficient) condi- 
tion for the existence of (nontrivial) solutions a/_i is that the invariant polyno- 
mials ai are (nontrivial) objects from the local cohomology of the Koszul-Tate 
differential H (8\d) in antighost number / > and in pure ghost number zero, 

Saj = dfj, j , agh [3 =7-1, pgh [ 3 = 0. (22) 



We recall that the local cohomology H (6\d) is completely trivial in both strictly 
positive antighost and pure ghost numbers. Using the fact that the Cauchy order 
of the free theory under study is equal to four, the general results from Refs. [1] 
and [S] , according to which the local cohomology of the Koszul-Tate differential 
in pure ghost number zero is trivial in antighost numbers strictly greater than 
its Cauchy order, ensure that 

Hj {8\d) =0, J > 4, (23) 
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where Hj (6\d) denotes the local cohomology of the Koszul-Tate differential in 
antighost number J and in pure ghost number zero, ft can be shown that 
any invariant polynomial that is trivial in Hj (S\d) with J > 4 can be taken 
to be trivial also in Hy v (S\d). {H l j v (S\d) denotes the invariant characteristic 
cohomology in antighost number J — the local cohomology of the Koszul-Tate 
differential in the space of invariant polynomials.) Thus: 



a j = 8bj+i + dfj, c , agh (oej) = J > 4 J 4>aj = 50 j+i + 7 , (24) 
(J) M 

with both (3j+i and 7 invariant polynomials. Results (j2"3"|) and (|2~4"|) yield the 
conclusion that 

i/} nv =0, J > 4. (25) 

Using the results from Refs. p]-[3], the spaces (Hj (S\d)) J>2 and (H™ v (S\d)) J>2 
are spanned by 



H 4 (5\d),H™(S\d) 
H 3 (S\d),HT(S\d) 
H 2 (6\d),Ht v (6\d) 



(C*), (26) 
(C**^) , (27) 
(C^^n- (28) 



In contrast to the groups (Hj (5\d)) J>2 and (-Hj nv (i5|d)) j- >2 , which are finite- 
dimensional, the cohomology Hi (8\d) in pure ghost number zero, known to 
be related to global symmetries and ordinary conservation laws, is infinite- 
dimensional since the theory is free. Fortunately, it will not be needed in the 
sequel. 

The previous results on H (5\d) and iJ lnv (5\d) in strictly positive antighost 
numbers are important because they control the obstructions to removing the 
antifields from the first-order deformation. Based on formulas (|23l) - (j24|) . one can 
successively eliminate all the pieces of antighost number strictly greater than 
four from the nonintegrated density of the first-order deformation by adding only 
trivial terms. Consequently, one can take (without loss of nontrivial objects) 
I < 4 into the decomposition (fTS")) . In addition, the last representative reads as 
in (|21[) . where the invariant polynomial is necessarily a nontrivial object from 
(Hf v (S\d)) 2<J<4 or from H x (S\d) for J = 1. 

The previous discussion enforces that we can take / — 4 in (|15p and work 
with 

a int = ajf + <* + 4 nt + 4 nt + a\ nt , (29) 

where the components from the right-hand side of |29|) satisfy Eqs. (fT9|) and 
(fl"7 |) -(fT8 |) for 1 = 4. Due to (f2Tj) and (|26|) . we can write the nontrivial solution 
to (HH) for I = 4 in the form 

af = C*u, i (C,Z,r lli ,d [tl r ) „ ] ). (30) 

Since a™* already depends on C* , which is a BRST generator from the 3-form 
sector, we have to select from w 4 only those elements of pure ghost number 4 
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that depend simultaneously on the ghosts from the Rarita-Schwinger and Pauli- 
Fierz sectors, namely involve both £ and r] p or d[ p r/^ . These are precisely 



hafi^nn^yflp], frap-ySetVlidiuVp], ha£ (d^Vu] ) d [p r] x] , 
hapS, (d[^h]) 9[pTjx\, ha^Sst {d[ P Vv}) d[ p Vx]} , 
such that ([3H)l becomes 

[9i . 



(31) 



int 

a 4 



+ | ffP A^ (d [pVp] ) d [uVx] 



(32) 



with qi, q 2 , and q 3 some real, arbitrary constants. By applying the operator S 
on (|3"2")l and further using definitions (JH])-©, we obtain that 



<K nt 



= d, 



•>{■ 



-C* 



C* 



^r p av a h P0 - fa a0 wz (h pa d wm 



-2rj a d [L ,h fj]p ) + q3<J pX £l al3 Z (d [a r) p] ) d [p h x]p 

+qih aP i>n , na.'np + ^^ZY^^Vad^^ 

+qzo pX h a N^ (d la v P ]) d im] ]} 

+ \c* p {qih^frc - q2CJ^h v id [v r la] ) d um . 



We observe that (|33[) cannot agree with (fTT|) for I = 4 unless we set 

qi = q 2 = 0, 
which then replaced in (|3"2")l and produces 



4 nt 



(33) 

(34) 

(35) 
(36) 



< = -q^ px C*^ [h a ^ (d [a r, p] ) d [p h x]p +^ a ^ P (d la V P ]) d lP Vx]] 
Acting now with 5 on (f3"6")> and recalling definitions (JS])-©, we have that 

Saf* = d v {-2 q ^ x C*^h aP [Z (d [a V P ]) d [p h x]p + ^ (d [aVp] ) dpVx]] } 

+7 {q 3 <J pX C*^^ aP [£ («[a^]«) fy^A],, + 2VV (Vfe]) fy^A],] 

-qaa^CT^^^ (a [Q 77 P] ) d vm } 

+q 3 aP x C*^^ a0 [2t (Vfol) K pXpv - (0^*]) (Vfa) ^r? A] ](37) 
such that ([37)) is compatible with (fl~7)l for / = 3 if 

93 = 0. (38) 
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If we insert (|38[) into (|55|) , then we conclude that a 4 nt = 0, so we can take 1 = 3 
in (fT5|). 

Consequently, decomposition (|15|) reduces to 

a int = ag* + ai nt + 4 nt + a§* , (39) 

where the components from the right-hand side of (|39|) satisfy Eqs. (fT9|) and 
(|T7|) — ([T5]) for 7 = 3. Taking into account formula (f2"Tj) and relation (|2"T)) , we find 
that 

4 nt = C*^(C,£, 77^77,]), (40) 

where we have to elect again among the elements u 3 only those involving simul- 
taneously £ and rj^ or d^i]^ , namely 

hapZd^T)^, ha^Sstd^^} . (41) 

Only the second and fourth elements from (|4"Tj) allow the formation of 11- 
dimensional vector- like combinations, so the general form of (|4"0")) reads as 

4 nt = \o al3 C^ { qi h^r,p + (kfrcZdfrTin) , (42) 

with (74 and q$ real numbers. Next, we act like in the case / — 4, namely apply S 
on (|42p and then manipulate the resulting expression with the help of definitions 
I©-©, which further yields 

+7 {a^C*^ [qil lm (2^?7/3 - £V) 

~^C*^^d lvm . (43) 
Formula (I43|) does not concur with (fTTl) for 7 = 3 unless 

-74 = 0, (44) 
which substituted in (|42| and (|43|) provides 

4 nt = |c*^r^ a] , (45) 

4 nt = -9 5 C^^" 7 Q (2^^»7a] ~ Zdfrh a]v ) . (46) 
Acting with S on (j4"6")l , we can write that 

5at = d p [3q 5 A*^i 1 a (2^d [ ^ a] -^h Q]v )] 

+7 [SqsA*^ ($«-fil>pdvn a] + £fil> v dfrh p]a )] 
+^A^ vp ll a [d[A P ]) d^Vcx], (47) 
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so Eq. (fTS)) for 1 = 2 cannot hold except for the case where 

55 = 0. (48) 

Introducing |@U and (gSJ) in |g2J), we deduce that we can take ag 1 * = 0. 

The following possibility is to stop at antighost number 2, in which situation 



*2 ) 



(49) 



where the components of a mt are subject to Eqs. (flU)) and (jTTJ)— |THI) for 1 = 2. 
Due to result (j2"8|) and formula (|2"Tj) , the nontrivial solution to p^|) for 1 = 2 
takes the form 



a' nt 



= (C, f , 77^, 9^^]) + tj^ujI (C, £, 

+0*^^(0,^,8^). (50) 

The elements w 2 , cu 2 , and w 2 ^ have the pure ghost number equal to 2 and must 
at least contain ghosts belonging to the sectors respectively complementary to 
that including the antifield coupled to them. In other words, d> 2 compulsory 
contains both C and 77^ or d^r^j , to 2 , must depend on both C and £, and u 2 
are restricted to involve both £ and 77^ or d[^rj v ^ . Since the pure ghost number 
of C is already 3, it follows that di 2 and w 2 must be discarded by putting 

<P(C,t,ti li ,d [M T h , ] )=0, (51) 

wJ(C,C,^,^]) =0. (52) 

Regarding w 2 ^, we observe that the ghost £ is a spinor, so it can be mixed with 
r\n or di^ r) u ] into an antisymmetric tensor through an at least cubic combination, 
simultaneously involving £, £, and 77^ or c^Tyyi, which therefore displays a pure 
ghost number greater or equal to 3. For this reason we must also give up u; 2 ^ 

^(C,£, 77^,^77,]) =0. (53) 

The results expressed by (|5T|) -([53 | ensure, via (f50|) . that a™* = 0, so we have 
to consider the case / = 1 in (fTS")) . 
Consequently, we have that 

a int = 4 nt + ai nt , (54) 

where afj 1 * and a 1 / 1 * fulfill the equations 

7< = 0, (55) 
<o) int 

5ai nt + 7^ nt = . (56) 

According to (|2"Tj) . the general, nontrivial solution to (|55j) is given by 



9 



+h*» v (N^ + N^r, a + N^d [am ) 

+A*» V » (P^ + P« vp r, a + P^ p d [am ) , (57) 

where the objects generically denoted by M, N or P are gauge invariant quan- 
tities. In order to provide interactions among all the three kinds of fields, each 
of them is required to depend at least on those gauge invariant combinations 
constructed out of the fields from the sector(s) that are complementary to the 
respectively coupled antifields/ghosts. Regarding their tensorial properties, the 
elements M p @, , and P p „ p are antisymmetric in their upper indices a and 
[], all the quantities of the type N are symmetric in their lower indices /i and v, 
and all the quantities denoted by P are completely antisymmetric in their lower 
indices fx, v, and p. Moreover, each M p is a 2 5 x 2 5 matrix with bosonic, gauge 
invariant functions as elements. Furthermore, each of M", , N pv , or Pp, vp 
is a fermionic, gauge invariant spinor tensor. Since the only fermionic, spinor 
fields are the gravitini and the gauge invariant quantities built out of them are 
their antisymmetric first-order derivatives, d^ips], h follows that M", M p " , 
N^v, and P pvp can be further represented in terms of some 2 5 x 2 matrices 
with bosonic, gauge invariant elements, of the type: 

M, a = M^d^s], Mf = M^ s d b rp s] , (58) 

iV = dh$5\N#, PM»P = 9h$s\P#p> (59) 

where M^' 7<5 , M p ^ jS , JV!J*, or P2y p may contain in principle additional space- 
time derivatives. At this point we ask that the corresponding a™* (as solution 
to (|56|) ) leads to interacting field equations preserving the derivative order of 
the free ones (derivative order assumption) . This further requires that the max- 
imum derivative order of ajf 1 * is equal to two, with the precaution that each 
interacting field equation contains at most one spacetime derivative acting on 
the gravitini. In the sequel we will argue that each of the terms from the right- 
hand side of l|57p . if consistent, would produce in the interacting Lagrangian 
terms forbidden by the derivative order assumption. 

Related to the first term, ^* Ai M M ^, since both and £ belong to the Rarita- 
Schwinger sector, it follows that each element of the matrices M p is constrained 
to be at least linear in both the linearized Riemann tensor K pvp \ and the field 
strength F^ p \ of the 3-form, so it contains at least three spacetime derivatives. 
If consistent, each of these terms would lead to an interacting Lagrangian density 
with minimum three derivatives, which is unacceptable, so we must set 

M p = 0. (60) 

The second element, -0* M M^77 a , already contain generators from the Rarita- 
Schwinger and Pauli-Fierz sectors, so M p are bound to be at least linear in 
F pV p\. Due to the former relation from (|55|) . we conclude that ^^M^rja has at 
least two spacetime derivatives, among which one already acts on the gravitini, 
so it would provide field equations with at least two derivatives acting on the 
gravitini. We have to forbid this by setting 

m; = o. (6i) 
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Using exactly the same arguments we eliminate the third piece, ^f^M^d^r}^, 
by putting 

= 0. (62) 

A simple analysis of the fourth component, h*^ N^ v £, shows that is com- 
pelled to be at least linear in F^px, and so, according to the first formula in 
(|59|) . it contains at least two derivatives. Since Sh*^ also contains two deriva- 
tives, this component would generate an interacting Lagrangian density with at 
least three derivatives. The derivative order assumption is again broken, so we 
must take 

Np V = 0. (63) 

Looking at the fifth constituent, h* pu N pv rj a: since both h*^ v and r\ a pertain 
to the Pauli-Fierz sector, it results that the bosonic, 7-invariant tensor iV" is 
simultaneously at least quadratic in the antisymmetric first-order derivatives of 
the Rarita-Schwingcr spinors and linear in Fp Vp x, which amounts to at least 
three derivatives. Thus, if consistent, this term would give rise to a Lagrangian 
density with at least four derivatives. The same reason can be used to eliminate 
h*^N"^d[ a T)^] from a 1 "*, and hence we can write 

= 0, N$ = 0. (64) 

The seventh term, A* fJ,vp Pp iyp ^, contains the fermionic, gauge invariant spinor 
tensor Pp Vp , which is required to involve the Pauli-Fierz field, so it effectively 
depends on Kp Vp x- Joining this observation to the second relation from (|59p . 
we get that Pn Vp includes at least three derivatives, and thus the corresponding 
Lagrangian density (if any) would furnish interaction vertices with at least four 
derivatives. This is again in contradiction with the derivative order assumption, 
so we must discard this term by choosing 

P^ P = 0. (65) 

Finally, the last two pieces from the right-hand side of ([57]) . A* llvp P pvp r\ a and 
A*^pp^ p d[ a rj l3 ], involve the bosonic, gauge invariant tensors Pp Vp and P?$ p , 
which are required to depend on the Rarita-Schwinger spinors, and therefore 
they are at least quadratic in the antisymmetric first-order derivatives of grav- 
itini. If consistent, these objects would imply interaction vertices with at least 
three and respectively four derivatives, and therefore must be canceled through 

P^ P = 0, P$ p = 0. (66) 

Inserting the previous results, l[60 |) -(f6"6" |) . into (|57jl . we obtain a 1 "' = 0, such 
that the first-order deformation of the solution to the master equation can only 
reduce to its antighost number zero component (we can only have / = in (| 15(1 ) . 
This final possibility is described by 

int „int ( c*7\ 

a = a , (67) 
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where a™* is subject to the equation^ 



7^ = 5^. (68) 
In order to analyze properly the solution to (|6"8")l , we split its solution as 

4 nt = 4 nt + 4 n \ (69) 

where 

7 aj, nt = 0, (70) 
(o) int 

yaT = , (71) 

. , (o) int . 
with m,, =p 0. 

Due to (|70p. ag 11 * is a bosonic, gauge invariant object, which is required to 
depend on all three kinds of fields. Consequently, a nt is at least quadratic in the 
antisymmetric first-order derivatives of the spinors, <9[ M VV]j an d at least linear in 
both K^ypx and Fp Up \, so it contains at least five spacetime derivatives, which 
disagrees with the derivative order assumption. In conclusion, we eliminate it 
from the interacting Lagrangian density by putting 

4 nt = 0. (72) 

Now, we approach Eq. (|7ip in a standard manner. Namely, we decompose 
a™ 1 with respect to the total number of derivatives into 



~int 



UJ Q + LUl + UJ 2 , (73) 



where {^k) k= jp2 comprises k derivatives. By projecting (j7Tj) on the different 
possible values of the number of derivatives, we find that it becomes equivalent 
to three equations, one for each component 

7 w fe =cy£, k=^2, (74) 



where 

, 0) int/x 

m = 1% + 11 + 1%. (75) 
In the sequel we solve ([74")) for each value of k. 



We start with (f74|) for k = and recall definitions (JSj) , which produce 
9 R w dujQ duj 



1 One can no longer replace Eq. J68D with the homogeneous one, like in the previous cases, 
since now we reached the bottom value of the antighost number, namely zero. 
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a H 



e-2 a 



a^Q 

! a/i 



//// 



duj 



From ([76")) we observe that ([71)1 for = cannot hold unless 



a M ^r— = 0, 

avv 



Ou— — = 0, 



9,,-^ = 0. 



C vp . (76) 



(77) 



But loq has no derivatives acting on the fields, such that the only solution to 
(|77p is purely trivial 

lo = 0. (78) 

For k — 1 we have that 



+ 



= d, 



a R ^i 9wi dwi 

0% 



9^1 

a(a a ^r"~^ ' a (^v) ' a(a Q .w 



-a a a„£ 



livp 



duo 1 



(9 R 



9Vv 
9a; 1 

3(9 



du>i ( 8 R L 



av 



-2 a, 



9a; 1 



a d{d a hp jU ) 

6*00! 



t] v -3[d a 



dioi 



t - 2 a„ 



<5o;i 



j/i/ - 3 ( a 



c, 



so J7J]) complies with ((711) for fc = 1 if 



a 



5*0;! 



= 0, 



a SuJl n 



The general solutions to (fBT)]) are expressed by 



a u ^ — = 0. 



8lo\ 
Sh,.u 



5u>i 



dxL 



(79) 



(80) 



(81) 



where all the quantities generically denoted by L depend only on the undiffer- 
entiated fields (have no spacetime derivatives). In addition, L 1 *" is a fcrmionic, 
spinor tensor, antisymmetric in its Lorentz indices, L Pll,pX is a bosonic, com- 
pletely antisymmetric tensor, and L ppv is also a bosonic tensor, antisymmetric 
in its first two indices 

l mv = _ L n P u ( 82 ) 

As Suji/Sh^ is symmetric and L ppv is derivative- free, it follows that this tensor 
must be symmetric in its last two indices 



L PP " 1 ' = IjP v V- 



(83) 
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Using repeatedly properties ([52]) and ([83")) . it is easy to obtain L p P v = 0, and 
hence 

P~ = °" ^ 

This means that Wi may depend on the Pauli-Fierz field only through trivial 
combinations (full divergences), which bring no contributions to the interacting 
Lagrangian density, and therefore u>\ cannot assemble all the three sectors in a 
nontrivial way and can be taken to vanish 

LJt = 0. (85) 

Finally, we solve Eq. ([74]) for k = 2. If we make the notations 



then we can write 

7^2 = - (0 M F") i - 2 (d lt D» v ) Vv - 3 (d^r) C vp + 8^, (87) 

with a local current. From ([57)1 we infer that ui2 cannot be solution to (|74|) 
unless 

d M F M = 0, df.D^ = 0, = 0. (88) 

The solutions to the last equations are known and take the general form 

F" = d 1/ F^, D*" = dad/jU^P, D^ p ^d x D^ pX , (89) 

where F^ u and DP vpx are completely antisymmetric in their Lorentz indices and 
p 0Ssesses the mixed symmetry of the Riemann tensor. In addition, F^ u 
and DP" pX contain precisely one spacetime derivative of the fields and JJP av ^ 
depends only on the undifferentiated fields. At this stage it is useful to introduce 
a derivation in the algebra of the fields and of their derivatives that counts the 
powers of the fields and their derivatives, defined by 



* = E 



fe>0 



QR q 



d 



(90) 



Then, it is easy to see that for every nonintegrated density x, we have that 

If x is a homogeneous polynomial of order I > in the fields and their deriva- 
tives, then 

N X ^=lx (l) - (92) 
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Using flSBJ), KSSJ, and ((51]), we deduce that 

A^ 2 = ^F^W] - ^K^pU^ + \f^ vpX D^p x + d^. (93) 
We expand a>2 as 

W2=E w a ) . (94) 

where N(Jp = I0J2 , sucn that 

Nuj 2 = Y, 1uj 2 } - ( 95 ) 

Comparing ([93]) with (|95|) . we reach the conclusion that the decomposition (I94[) 
induces a similar decomposition with respect to , JJ^ av ^, and D^ pX , i.e. 

i>0 i>0 00 

Substituting (|96|) in (|93|) and comparing the resulting expression with (|95|) . wc 
obtain that 

<4° = ^ (^^1)%^] ~ K^pUffi + l -F, vpX D^ + d^ iy (97) 
Introducing ([97]) in ([94]) . we arrive at 

^2 = \r^d [p ^ u] ~ ht^fi^v + ^f^ pX d^? x + d^, (98) 

where 

i>o i>o i>a 

(99) 

We will show that the second term from the right-hand side of (|98l) does not 
comply with the derivative order assumption. Indeed, the tensor tj pav ^ effec- 
tively depends on both A^p and ip p (and possibly on their derivatives) in order 
to describe simultaneous interactions among all the fields. Due to the presence 
of the linearized Riemann tensor K pav fj 1 the term from 0J2 containing {j^ av ^ will 
contribute to the field equations for the spin-2 field with quantities involving at 
least two spacetime derivatives acting on ip p , which breaks the derivative order 
assumption. Consequently, we must set 

= 0. (100) 

The last result implies (via the second formula in (|99|) 1 U^ m ^ = for all / > 0, 
which further yields (due to the second relation from (J96J) that JJ pavl3 = 0, 
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such that the second result from ([55]) finally leads to D^ v = 0. Recalling the 
second notation from ([86]) this is the same with 

Sujo 



meaning that 0J2 is enabled to depend on the spin-2 field only through a (trivial) 
full divergence, which brings no contribution to the Lagrangian action of the 
interacting model. We conclude that there is no nontrivial u>2 that mixes all the 
three field sectors, so we can take 

w 2 = (101) 

without loss of generality. 

Inserting ([78]), ([85]), and (fTUTj) in ([73]) we find that 

4 nt = 0, (102) 

such that results ([72"]) and p02[) substituted in ([M]) provide 

ag* = 

and hence the first-order deformation of the solution to the master equation 
that mixes all the fields cannot reduce nontrivially to its component of antighost 
number zero. 

Since we have exhausted all the possibilities of constructing a nontrivial a lnt 
as in ([T5| (I — 4, 3, 2, 1, 0), we conclude that the general solution to ([T2]) that 
complies with all our working hypotheses is 

Sf* = 0. (103) 

In conclusion, the full expression of the first-order deformation of the solution to 
the master equation associated with the free theory described by |T]) decomposes 
as 

Si = Si 1 + St + Sf + S*~ A + Sf~* + S^, (104) 

where all the terms from the right-hand side of (|104|) have been reported in 
Refs. [l]-[3]. 



3 Second-order deformation 

The scope of this section is to investigate the consistency of the first-order defor- 
mation and hence to determine the expression of the second-order deformation 
of the solution to the master equation. In view of this, we start from the equa- 
tion 

(Si,Si) + 2aS 2 = 0, (105) 
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where Si reads as in (|104[) . By direct computation we find that the antibracket 
(Si, Si) naturally decomposes into 

(Si, Si) = (Si,Si) h + (Si,Si) A + (Si,Sif + (Si,Si) h ~ A 

+ (S u Si) A ^ + (Si,Si) h -^ + (Si,Si) int , (106) 

where (Si, 5 , 1 ) sector ( s ) [ s the projection of (Si, Si) on the respectively mentioned 
sectors (s). Clearly, (|106[) induces a similar decomposition with respect to the 
second-order deformation 

S 2 = S% + S A + St + Sir A + S A - 4 ' + S)r^ + S 2 nt . (107) 

The projection of Q105P on the various sectors makes (|105[) equivalent to the 
tower of equations 



(Si,Si) h +2sS£ 


= o, 


(108) 


(S 1 ,S 1 ) A + 2 S S 2 A 


= o, 


(109) 


(Si,Sif + 2sSf 


= o, 


(110) 


(S 1 ,S 1 ) h ~ A + 2 s S 2 h - A 


= o, 


(111) 


(S 1 ,S 1 ) A ^ + 2 S S A ~ 


= o, 


(112) 


(Si, Si) 11 "^ + 2sS 2 h ^ 


- o, 


(113) 


(Si,Si) int + 2sS 2 nt 


= 0. 


(114) 



If we denote by A soctor ( s ) and fo scctor ( s ) the nonintegrated densities of the func- 
tional (Si,Si) scctor(s) and S; octor ( s ) respectively, then Eqs. pg)) - (|TT4]) take 
the local form 



A h - 


-2sb h + d"nl, 


(115) 


A A = 


~2sb A + <9 M n A 


(116) 


A^ = 




(117) 


A h-A = 


-2s6 h - A + 0"n}T A , 


(118) 


A A-i, = 


-2s6 A -"' + d' i nt~*, 


(119) 


A h-V = 


-2s6 h -"' + d^n*-* , 


(120) 


A int = 




(121) 



with 

gh (A soctor ^) = 1, gh (b secioI ( s ^ = 0, gh (n* ctor W) = 1, (122) 

for some local currents n s l ^ ctOT< ' s \ Recalling decomposition (|104[) of the first- 
order deformation as well as the concrete expressions of its components, we find 
that 

(Si, Si) h = (sf,sf). 
17 



By direct computation we deduce 

S 2 h = J d ll x |£f H - | - 2^^) - [hfa (W) 

+ lv*^f (h^Vp] - K9[,,V P ] ~ V p d[uh p]li ) } , (123) 



where £ EH is the quartic vertex of the Einstein- Hilbert Lagrangian. Meanwhile, 
it results that 

(Si,Si) A = 0, 

so Eq. (|109p reduces to 

sS£ = (124) 

and has been solved in Ref. pQ. Namely, we have argued that the solution 
to (|124|) can be taken as trivial modulo a redefinition of the constant q that 
parameterizes S* A 

S* A = 0. (125) 

Eq. (|110p has been tackled in Section 6 from Ref. [5] , where we proved that the 
parameters fc, fc, to, and A are restricted to satisfy the relations 

k 2 

k 2 + — = 0, 180m 2 - kA = 0, (126) 

which then grant the nonintegrated density of the second-order deformation in 
the Rarita-Schwinger sector to be expressed as the sum between the pieces listed 
in formulas (71), (72), and (74) from Ref. [3|. Eq. has been worked out 

in detail in Ref. pQ, where it was shown that the constant k (parameterizing 
the cross-couplings between the spin-2 field and the 3-form) is subject to the 
relation 

fc(fc + l) = 0. (127) 

Taking the nontrivial solution of (|127|) (k = — 1), it follows that the second-order 
deformation in the mixed sector graviton-3-form is described by formula (117) 
din Ref. p]. 

Let us investigate now Eq. (| 1 1 2|) . It is easy to see that 

(Si,fli) A -* = (s A ^,S A ^) +2(sf, Sf - *) 

+2 (sf, Sf"^) + 2 (sf- A , . (128) 

Recalling that A A_ ^ denotes the nonintegrated density of (Si, Si) A ~^ and per- 
forming the necessary computations in the right-hand side of (|128p . we get that 
A A_ ^ decomposes into 

4 

A A-^ = ^- A A-V ) agh(A A ^)=7, I = 0A, (129) 

7=0 
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with 



A*"* = S 



A-V 



ifcfc 



7 1 crc^t )+d^ 



A— j/i p 



ifcfc 



ifcfc 



(130) 

A— ip fi 

(131) 



A 



A-i> 



+ 7 



A— 1/> M 



(132) 



A? 



h-A 



= 5 



ifcfc 



3ifcfc 



+4i fc 



fcfc 
32 



A—tp m 



(133) 



and 



,h-A 



-18fc q+ , , 

V 3-(i2) a y 

sA—0 



(134) 



Because (Si, Si) contains terms of maximum antighost number equal to 
four, we can assume (without loss of generality) that b A ~^ stops at antighost 
number five 



j=o 



7=0 



agh 
agh (nf~^ M ) 



= /, J = 0,5, (135) 
= 7, 1 = 075. (136) 



By projecting Eq. (1119p on the various (decreasing) values of the antighost 
number, we infer the following tower of equations 



7&5 



A—ip fj, 



(137) 
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Af-^ = -2 ^5bf-^ + jbf-^j +8^-^^ 7 = M. (138) 

Eq. (I137|) can always be replaced with 

jb^ = 0. (139) 

If we compare (|130p with (|138[) for 1 = 4, then we find that b^~ A is restricted 
to fulfill the equation 

Sb^+jbf^d^f" 1 , (140) 

where 

6 A- V > = J]± C * C ^ + gA-* (U1) 

The solution to (|139[) reads as 

= /^([^a] , [d b M , lxl])u 5 (C,£) . (142) 

Substituting the above form of b A ~^ into (|140p , we infer that a necessary con- 
dition for (|140|) to possess solutions is that /3 A ~^ belongs to H$ (S\d). Since for 
the model under consideration we know that (S\d) = and (6\d) = 0, 
it follows that we can take 

= 0, (143) 

such that Eq. ()140|) reduces to jb A ~^ = d^n^, that can always be replaced (as 
it stands in a strictly positive value of the antighost number) with 76^ ^ = 0. 
The last equation was investigated in Ref. [5] and was shown to possess only 
the trivial solution 

b A ^ = 0. (144) 

Due to (fHTj) and ([HID , we observe that relations (fT50")) -lfl"52" )) agree with Eq. 
(|138[) for I = 4, / = 3 and 1 = 2 respectively. On the contrary, A A ~^ given in 
(|133p cannot be written like in (|138[) for 7=1 unless 

4i - A^F^V^, (145) 

can be expressed like 

X A ~V' = j^A-v + 7W a-^ + ^/A-v> m_ ( 146 ) 

Assume that (| 146)) holds. Then, by acting with S on it from the left, we infer 
that 

$X A ~ 4 ' = 7 (Sw^) + (6l A -^ ") . (147) 
On the other hand, using the concrete expression of x, we have that 

Sx A - 4 ' = 4i (k 2 - [ 7 (-r^f 7 ^)) + ^ (r^f 7 vC)] , (148) 
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where 

T M " = j, F^F pXa » - ^F^F pXae (149) 

is the stress-energy tensor of the Abelian three-form gauge held. The right-hand 
side of (|148|) can be written like in the right-hand side of (|147p if the following 
conditions are simultaneously satisfied 

_ fe A-v. = _ 4i ^-^j T ^^ v) , (150) 

51^ » = 4i (> - (151) 

Since none of the quantities tp^, or £ are <5-exact, we deduce that the last relations 
hold if stress-energy tensor of the Abelian three-form gauge held is <5-exact 

T" v = 8W. (152) 

We have shown in Section 4.3 of Ref. [T] that relation (| 1 52[) is not valid, and thus 
neither are (|150p - (|15ip . As a consequence, x A ~^ must vanish, which further 
implies 

~e - M = o. (153) 

Inserting (|153[) in (|134[) . we deduce that 



-18* U+ ^7^3 j ^'"^f^A-^-^i 

+imkF^ 7lM/pXrT r + (154) 
We remark that (|154j) satisfies Eq. (|138[) for I = if the quantity 

can be written as 

X A ~^ = + jtj^' + d^~^. (156) 

Let us assume that (I156[) takes place. Then, we apply 7 on (|156[) and hnd that 

7 ^ = j (_ 7 £A-*) + ^ ( 7 ?£-*) . (157) 

Direct computation based on () 1 55(1 provides 



21 



-9k [q 



3 • (12)- 



F„ 



.(158) 



On the one hand, Eq. (|157|) requires that the current appearing in its right- 
hand side is trivial in H (7). On the other hand, the current involved in the 
right-hand side of (|158|) is clearly a nontrivial element of H (7) . This contradic- 
tion emphasizes that relation (|156[) cannot be valid, and therefore we must set 
X = 0, which leads to the conditions 



ik = 0, 



k[q 



3- (12)" 



0. 



(159) 



Inserting now (| 153[) and (|159[) in (|130[) ~ (|134p , we are able to identify the com- 
ponents of the second-order deformation in the mixed gravitini-3-form sector 
as 



ifcfc 



1G 
ikk 



C*^ (A^Y^ - 2C M p h{^ P )) 



3ifcfc 
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and 



lA-^ 



Formulas (|160|) ~ (|164[) allow us to write 



jA-0 



(160) 
(161) 
(162) 
(163) 

(164) 
(165) 



In the following step we approach Eq. (|113[) . From (|104[) . we determine the 
first term from the left-hand side of Eq. (|113p under the form 

(Si, Sx) h -^ = (s^, S l ;~^ + 2 (sf, S^ + 2 S^) , (166) 

where A h_ ^ from the left hand-side of (|120p (the local form of (|113jl ) decomposes 



as 



with 



1=0 



agh(A^) 



7 = 0,2, 



(167) 



A 



h-j/> 



22 



--fc(fc-l) 



+fc (fc - 1) (0[^„]) ^v 1 - ^*"7^^ (fl [ "»7 al ) d^a a0 



and 



= S 



-imk^ (7^^ - -T^uV")] + 7 |9mfc Qv^V^ - Vl^VK 

-2 (dH" ] ) l^p (Vh Xa h Xa - i> x h>>°h Xa ) - WvTfV (Kd [x h x p] 



32 



-hr x d v h pX + hfd x h x + ^h"%h x ,/j + 4 (dH v] ) J» P xVhpah x ° 

-A^r (h x d [u h x]p + h x p d [p h x]v + h x d p h vX ) 

-Vl^pXaVKd^ x h^ + 2k (dH v] ) I^p (Vhh - 2^ x hh p x + 2^ x Kh a x 
-Vh Xa h x °) + 4k (>^) lpvp VKK ~ 8fc (dH v] ) 7u P x (Vhh x - VKh x 

+rh p X) + 8~k^rr v - Kd [x h x p] + hd lx h x } ) 

+4krYV (h X Aph p]x - 2h pv d [x h x p] - 2h x d [p h x]u - hd [p h p]u )] } 
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-—k(k-l) \Vl^p\o 



+4 



(d [vVp] ) dH P x ] - ~ (d [pVx] ) + 2 nv dPd [p h x x] 



+2 Vx [d p d [u h x p] - d x d [u h p p] )\ + [(^/i Q] „) d [pVm a a ? 

-2 (9 M 9[> A]p ) r; A - 2 (d^/^ - MX]) »fo] " VV7 M £ [( 9 [>p]a) ^ [ ^ p1 
-2 (d [v h^ d^ x h p x ] - - Ah u p (d x d [v h p x] ~ d p d [v h x ] 



+4#V£ \h% [d v d [p h x x] - d x d [p h x]v j + h pX (d p d [v h p]x - d x d [v h p]p ) 

+K (d,d [p h x x] - d x d lp h x]p ) - h (duW p] - Wdfrhfr) - K v d p d [p h x x] 

+ 1 (d [p h x] „) + {d [p h p]v ) d^ p h X] 



MO 



(170) 



Pursuing a reasoning similar to the previously investigated equation we conclude 
that parameter k is subject to the algebraic equation 



k (k - l) = 0. 



(171) 



Introducing (|17ip in (|168|) - (|170p and recalling Eq. (|120p , we identify the various 
pieces of the nonintegrated density of the second-order deformation in the mixed 
graviton-gravitini sector as 



,h-</> 



-C {d [p il> u] ) if if - imk^'y^rf, 



(172) 



(7^£ ~ 2 7 „VW) + |V 



(>/$) 



+4 (9[^])/iX->p^ (fl [ ^A ] ) 
and respectively 



imk 



+ {ivtK - 2 7 ^„^)(,173) 
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ifc 



d^rhvpxV h^h x ° + j^p^rr (Kd [x h x p] - h px d v h pX 

+ \Kdxh x p + \h» x d p h Xv \ + ^-VYV {h X d [v h X ] P + h x d [p h x]v 



+h x d p h 



• ' 2 
ifc 2 



i' 
iP 
' 8 
ifc 2 



i/AJ 



32 



(d^ 1 ) llivp (iP"hh - 2^ x hh p x + 24, x hP a hl - Vh X a> 



Xa\ 



ifc 2 



^> 7 V (h x d { ,h p]x - 2h^d [x h x p] - 2h x d [p h x]u - hd^h p]v ) 



iupx (rhh x - rKh x + rh p X) - ^ x rh^ P VKK 



(174) 



—i>^r (h>> x d w h p]X - Kd [x h x p] + hd [x h x } 



Formulas (fT?2")) - (fTT4]) enable us to write 



(175) 



Finally, we solve (| 1 14[) in its local form, namely (|12ip . Taking into account 
one more time the concrete form of the first-order deformation, (|104p . we observe 
that 

(176) 



(Si, Si)™ = 2 (S^Sf"^ 



A-i/> 



where A mt decomposes as 



^int \ ^ A i R t 

/=0 



h(Af)=I, 7 = 0,2, 



(177) 



with 



Ai, nt = 7 (2fcfcC^V?7^Vv) + fc (fc + fc) C*^^ a Zd [v r, 0] * a P + d p r. 



int 

2 5 



(178) 



Ai nt = 8 



2k~kc*^ifh^ P - -^r (7m,pa ct ^ ct + f^? x 



-3kkA^ vp (h x i> x ^ v {[ + 2 v x ^ p i> x ) + ^^ lvpXa ^h v p F pX ™ 



ifcfc / 3 r A ifcfc 

+— r^px^ (h» u d"A px ° - U^^ x h°jj - —r^ upx {zh° p F aupX 

-2rF pvpXVa )] + fc (fc + fc) {6A*^ P [ V x (d [fl i> x] ) lvp i + ^ulppid^a^ 
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+^r^» P X*Z (rfd^F^ + 2F^d [p J M a^) \ + d p r[ nt M , (179) 



and 



Aj, nt = 5 



-3k~kA*^> {h^xl^i + 2^7^) + ^^ lvpXaul ^FP x ° 



kk ,2,,, . „\„ 3 ,,,„, , „r \ , „i \ ikk 



9 



iW* (<ih°F avpX 



-2^F^ pA 77 CT )]+ 7 



J? J? — / 

^Vlp Vp x^V (F pX ^h - 6A pxe d^h u e 



+4h p d e A x ™) - ^V lpvp x^ 9 KF pX ^ - (hF^x - 2hlF^ p 

kk 

+2h° v d a A w x - 2h^A vp x) - —^ p 1 vp ^A vpa d [p ,h° x] 



-k (k + k) 



^Vlp.px^ (rmd e F px ™ - ^ 8 d e F pX ^ - 2£F» pxe dt° 



+ ^Vlp, P x. a rF px ^d [fj r lu]]( j^ - ~^V' (^ x F^x a d [pm a^ 
-iF pv xad [x h^) - 1 (dH v] ) 7 pA {i>° Fp, vp xn° - 2t/j a F pp xaV, 



'-j^hF^px + tih^Fcvpx 



(180) 



Reprising the same steps like in the previous cases, we conclude that (|121[) 
cannot hold unless the parameters k, k, and k satisfy the algebraic equation 



k (k + k) = Q. 



(181) 



Assuming (|181l) holds, we insert (|178j) - (|180p into (|121j) and identify the nonin- 
tegrated density of the second-order deformation in the interacting sector (de- 
scribing simultaneous interactions among graviton, gravitini, and 3-form) under 
the form 



bt = ~kkC*^ifh^p + (l^pX^V* + 8-y^pfrx) F^ px , (182) 



&i nt = 3kkA*^P ( V x ^ p ^x + ^h^xlpvti 
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+^*V pA] £ (h°d a A„ pX - \A, va d [p h° } 

\kk / 3 

-^r^pxvt (h^A^ - -A vpu d [x h?j 

+ 1 -^r fl ^ pX (ZKF avpX - 2rF^ pXVa ) , (183) 
kk 

+— V^o^ (hF^x - 2h a x F llvpa + 2Kd a A wX 
o 

kk -, 

~-2h^d a A upX ) + —V^VV 1 ^^, (184) 
with the help of which we have that 

5| nt = f d u x + b[ nt + b^) . (185) 



In conclusion, we determined all the nontrivial constituents of the second- 
order deformation given by (|107l) . 



4 Redefinition of first- and second-order defor- 
mations 

We showed in the previous section that the consistency of the first-order defor- 
mation at order two in the coupling constant implies a simple algebraic system 
for the six parameterizing constants, defined by Eqs. (|126|) . (|127| . (|153jl . (|159p . 
(|17ip . and (|181|) . There are two types of nontrivial solutions, namely 

k = —1 or k = 0, k = k = m = 0, A, q = arbitrary, (186) 

k = -k = -l, h,2 = ± 1 -^-, 9l > 2 = -^' ™ = = A. (187) 

The former type is less interesting from the point of view of interactions since 
it maximally allows the graviton to be coupled to the 3- form (if k = —1). 

For this reason in the sequel we will extensively focus on the latter solution, 
(|187p , which forbids both the presence of the cosmological term for the spin-2 
field and the appearance of gravitini 'mass' constant. In this case the first-order 
deformation of the solution to the master equation is expressed by relation (|104[) , 
where: 



27 



(i) the density of S± reads as in formula (47) from Ref. pQ; 

(ii) Sf = (follows from relation (50) given in Ref. [5] where we set m = 0); 

(iii) the sum Sf + S^ A is furnished by formula (118) from Ref. [1] in which 
we take q — > — 4fcj/ (12) 4 ; 

(iv) the density of S± is the sum among the right-hand sides of formulas 
(20), (21), and (22) in Ref. [3 where in addition we put k = 1; 

(v) S A ~^ is pictured by relation (110) from Ref. [5] modulo the replacement 

Consequently, the second-order deformation of the solution to the master equa- 
tion is still (|107p . up to the following specifications: 

1. S% follows from (fT2"3"l) restricted to A = 0; 

2. the density of S 2 is equal to the sum among the right-hand sides of for- 
mulas (71), (72), and (74) from Ref. [3] where we put k = 1; 

3. S A = 0, in agreement with (|125|) ; 

4. S 2 ~ A comes from relation (117) reported in Ref. l] modulo the change 
q - -4fei/ (12) 4 ; 

5. S 2 ~^ reads as in (|165j) with k = —k = — 1; 

6. S 2 is expressed by (|175j) for k = 1 and 771 = 0; 

7. S 2 nt is pictured by ([185]) . with k = -k = -1 and fe -> fcj given by (fW|) . 

In order to compare the interacting model resulting from our cohomological 
approach with the results known from the literature jTOl CD] , it is necessary to 
redefine the first-order deformation through a trivial, s-exact term, which does 
not modify either the cohomological class of Si or the physical contents of the 
coupled theory 

Si -> Si = Si + sK, (188) 

with 

k = - u>% + v) • (189) 

The above redefinition brings contributions only to the mixed graviton-gravitini 
sector, so we can write 

Si = S\ + S A + S l ^ A + Sf-* + S^, (190) 

where 

S^ = / d n x 



(191) 
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Ak, 



4 / " J-t ^l/i 1 /l 2 /i3- r /i4"./*7- r /*8---/*ll ) 



(12) 



(192) 



H pvp\ ' 



+c* 



(d P C^) rf + C/d w r) p] + K^C^ + -Cd^K ]p 



+-C*^ (2r h ,ff / C li + C u d^i M - h^VC) + C* (d^C) ^ \ , (193) 



Si 



vp\ 



(194) 



j d ll x < 






.4 



+ 4 ^* m ^7m^ 



1 (\ 



-2^ {PQ V] + T < - | (jt?*^ - CV^r^ j | .(195) 

In (|19ip the notation £f H means the cubic vertex of the Einstein-Hilbert La- 
grangian. 

Redefinition (|188p induces a modification in the expression of the second- 
order deformation. Indeed, let us denote by 5*2 the second-order deformation 
associated with Si, namely 



(Si,Si) + 2sS 2 = 0. 
Since S 2 is solution to the equation 

(S u S 1 ) + 2sS 2 = 0, 

then (fT96]) and (fT97]) provide 

2s (S 2 - S 2 ) + (s\,S\) - (S 1; Sr) = 0, 



(196) 



(197) 
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(198) 



or, equivalently (due to the bilinearity of the antibracket) 

2.s ~ S 2 ) + (§1,81 - 5i) + (81 - Si, Si) = 0. 
Substituting (|188[l in (|198p . we infer the equation 

2s (s 2 - S 2 ) + (s u sK) + (sK,Si) = 0. (199) 



Recalling the fact that the BRST differential behaves like a derivation with 
respect to the antibracket plus the s-closeness of both Si and Si , we find that 
(|199|) becomes 







s 2 ~ s 2 + 





0. 



which further produces 



S 2 = S 2 - ^±^,K 



(200) 



(201) 



Performing the necessary computations with the help of (|189l) . we obtain that 

(202) 



where 



s 2 = s% + s*- A + s£-* 



Ai/> , Ah— ip . Aint 
J 2 1 D 2 2 5 



5 2 h 



-EH 



+i V (9 A V) ^ P + I (0(A)A - V) &y 



(203) 



S 



h-A 



= - / d^z <{ C*h pv ^d v C + C*» 



-^ w Kd v C - l -C v rfd {)1 h v]p 



+-C» (h^d [ljVp] - Kd [fiVp] ) - h v "r lp d v C l 



C*» v [CPh x v d [tl h x]p 



+ _ A *»»P 



C p ^ (h uX h x Z) + -h pi h x ^d x C pv + 2C^hid [6 h x p] 



—A^x (h^d [pV& + h p( d^ + 2a x *rfd [p K ] ^ + A^xhptd&rfl 
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8 



h$hl - jfiSZ (\h 2 - h^hS 



+ —F pupX [A ipX d p (K^) - h^hfi" {d v A ipX 



+^A vpX j + A^t (^d^ - hd [p h{]) ~ 
-2A^d u (h p hl)+2h p hldzA^] +q iE ^-^ Q 



hA PlfJ _ 2P3 F Pi ... P7 



+ 



^ (hlA up] „) \d» (h^A^) \# (h\?A»^ 



(204) 



+C*»» (A^YZ ~ 2C p p h(^ p) ) ~ ZA^A^hipM • (205) 



According to (|202|) only the last three components from the second-order defor- 
mation change. Thus, the Rarita-Schwinger contribution passes into 



i 



3 2 • 2 4 
1 



+r e i^ P xas V r v + i^iip VP xd* e ) h^^t + ^* p r p 



~j>crf P il>(> U a Y^ + 2^7 V + \^ vpa ^u 



the mixed graviton-gravitini piece takes the form 

f7^(^ [ V ] +^'X 1 



(206) 



l(i 
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~e M + '-h^hpjj^ + ~r>* (d P o h^h v " 
+-^r^ P x,rh^^ x hz ] + o^ P ) (h x °h Xa - y 

~^ P l pyp ^ X hd [v h p]x + ^ 7 ^ p (dx^p) hh x 
+ J_^« 7 p^/3 \h (d [a h p]p - 2a pf3 d [a h x] A ) - (h x d [a h 0]X 
-h x[a d p] h x + h x[a d x h f3]p + i (d p h x[a ^j 



h^d [p K ]p - h p[p d v] h^ + h^doh^ + \ (d»h p[p ) h" v] 



(d^") h 0IM h JV - hp\d (h ra ^) + - (d p ^) h Pp h^ 



3^7 

~4>xh pX d f3 h lp ~ l^h^dph^ 



(207) 



and the terms expressing the simultaneous interactions among all the three types 
of fields amount to 

_l_ r l»Y pX k [F^pahl - 3d p (KA pXa )} 
+^r p l pvpXa t [F vp xeK - 39, (ApXeK)] 



8 



ihF pvpX [ rY P ^ + 



12 



V>/3 



+ T2 W 1 + \^l aPpvpX ^ [Wa - Zd P {KA p x„)}} (208) 
In deriving formula (|206|) we used the identity 



+ 



{^^p^r^iupx*^ 13 + vi P vpx*r^ a i a0pXa ^p 



+V>7 Q/3pA >^a7^pA^/3) + 21 {-^p^VVlap^ 

+^7^V^a7 a % + Vl aP V^ a l pv ^0)\ = 0. (209) 
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5 Analysis of the deformed theory. Uniqueness 
of D = 11, N = 1 SUGRA 

In Ref. j2] (Section 5) it has been shown that the local BRST cohomologies 
of the Pauli-Fierz model and respectively of the linearized version of vielbein 
formulation of spin-two field theory are isomorphic. Because the local BRST co- 
homology (in ghost numbers zero and one) controls the deformation procedure, 
it results that this isomorphism allows one to pass in a consistent manner from 
the Pauli-Fierz version to the linearized version of the vielbein formulation and 
conversely during the deformation procedure. Nevertheless, the linearized viel- 
bein formulation possesses more fields (the antisymmetric part of the linearized 
vielbein) and more gauge parameters (Lorentz parameters) than the Pauli-Fierz 
model, such that the switch from the former version to the latter is realized via 
the above mentioned isomorphism by imposing some partial gauge-fixing con- 
ditions, which come from the more general ones [7] 



S e a 



0. 



(210) 



In the context of this larger partial gauge-fixing, simple computations lead to 
the vielbein fields e a M , their inverses e a ^, the inverse of their determinant e, 
and the components of the spin connection uj^ab (up to the second order in the 
coupling constant) in terms of the Pauli-Fierz field as 



(o) M , .(i) , 
e „ + A e „ +A e 



2(2) " 



e M +Ae M +A e M 



= J C - -h/ 
a 2 a 



A 2 



— w 

8 p 
— h a h p 4 



h+ — (h z -2h^h^) 
Z o 



(2U) 
•(212) 
(213) 
(214) 



where 



(2) 

W pah 



W pa& = — °[o«6]|t) 



1 r 

I 



2/i, 



[a - 2h [a v d„h b]f t - (d„h [a ") h b]v 



(215) 
(216) 



Based on these isomorphisms, we can further pass to the analysis of the deformed 
theory obtained in the previous sections. 

The component of antighost number equal to zero present in S\ is precisely 
the interacting Lagrangian at order one in the coupling constant 



.h-A 
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i (^ 7 V - 2a^V>7 P V-p) d [ti h v]x 



£ EH + £ h-A 



i(l)(°J (0)^(0) 



i(0) (o) (i)^p(o) / n + n^ (o) 

- e W r £>„ 



i (0 )(°J (C"m /n + n\ (°) 

-- e V> T D„ 



- e W r L> w 





2 






+ 






2 




o 


+ 


fi 




2 




Q 


+ 




2 



fcj (0) 

— e 

48 



(0) 



(0) (0) 



(0) 




(0) " 

^p 




(0) " 

V'p 




(1) " 

^p 




(0) 

- 


(0) [ >)^(0) 

f 2-0 r v 



(217) 



(0) 



where C\~ K and F 

/^ypA are respectively listed in formulas (124) and (126) from 

Ref. p] (with q — ► <^ and g.; as in ()187|) ). In the above we also made the notations 



(0) 
D 



dp, 



(i) 
D, 



{— 16 



i /(i) « \ ah 

^ /jab + fi /jafc 7° i 



(218) 
(219) 



(n) (™) 

where and p a & (n > 1) are the net contributions of the quantities 

iA 2 - 

Qpab = UJfiab + Kfiab = UJ pab + -^T^p [^ImnpabV + 2 (lp a J m 1pb + ^mlla^^P) 

iA 2 - iA 2 

Qpab = Slpab ~ -^" e ™ 4> n imnpablp P = Upab + — (ipajm^b + V'm7[aV'&]) (221) 



(n) 

to order n of perturbation theory, with LOpab given in (|214| . Notations T 
(k < 6) signify the net contributions of the matrices 



ai--a k 



(222) 
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(0) 

again to order n of perturbation theory and ip — ip m means the zero-order 
approximation of the curved spin- vector 



(223) 



Along the same line, the piece of antighost number equal to zero from the 
second-order deformation offers us the interacting Lagrangian at order two in 
the coupling constant £2 



where 

To = 



£2 = £™ + £iT A + T o + Ti + T 2 + T 3 + T 4 + T 5 + T 6 , (224) 



x (-^A7 pAaa/3 ^ + 2 (^ Q 7p# + ^p7[a^]))] 



1(0) "(0) " A 2 ) aC ( 2 ) & 
-O e a e b ^ K v c~ K u &p c 



(2) aC (2) b 



(225) 



-^^7^ (d^ P )(h 2 -2h af3 h a P) 



+ 



+ 



{r^p (d^ p ) v + h-fp (aVp) Kx + i>^ vp (d^ x ) h pX ) 



i(2) (0) (0)^(0) + (0) 



i (!)(!_) (0)^"(0) 



ft + Q \ (o) 



+ 



(0) 



i(1 )(0) (1)^(0) / fl + ft \ 

i(1) (0) ( o)^(i) / + o\(o)' 
-- e v M r D„ I — ^— I ip p 

id)® <°r'<°> /n + n\(i)' 



(226) 



To = 



16 



^ CT 7^ P (&Vv>) h x h^ 
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+ 
+ 



i(0)( 2) (o)^(o) f n + n\(o) 
i( 0) a) (d w (o) fn + Ci\ (o) 



+ 



+ 



i (0) (y (or"(i) /n + o\(o) 

i( o)(y (o)^ p (o) /fi + n\d) 
-- e w r L>„ I — ^ I v P 



(227) 



T 3 = -^7 a ^(d^ p )(3h^hx a 5 v 5P + 3S^h vX hxpSP 
+3S^h px h Xl + 2h£hffi + 2h£5%hP + 2S^h p 7 )] 
+ ^ + 5 x j; la + 5 x 5° alv ) Vh^d^ 

+ ^l pvpaf) ^h x d [a h fj]x 



+ 



+ 



+ 



i(0)(°) (2)^(0) + 

- e v M r D y — — ^ p 



i(0 )(0) /Q + Q\(0)' 

i (0 )(o) (ir'w /n + n\(i)" 



(228) 
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x (2h x[lx d v] h x p - 2h x[tl d x h v]p - (d„h$ h u]x - i {^ x lpvpXa ^ 
+2 (ip ll 'y p ip v + VV7[ M VV])))] 



(0) 



+ 



+ 



i(0) (0) (0)^(2) / n + ft \ 

~2 e ^ I I ^p 

i(0) (0) (0)^(1) + M (1) 



i(0) (0) (0)^(0) / Q + fA(2)' 



(229) 



fc 2 fcnW (o) (0) A°) (0) a/3 ^ A (0) (0) [M (0)' y ' 5 (0) AlN 

-^^[.r^^ kr ^ + 2^ r v I ,(230) 



+ 



+ 



fr. m(°) A°) (o) a/3 ^ A (o) (0)^(0)^(0)^^ 

-^F pM U a r V^ + 2^ r v 



+ 



fc 4 (0)(°) AD (0) a/3 ^ pA (0) (0) (1) "/3^PA (0) 

To iivpX 



(0) (0) "/3p^pA (1) (1_) [P (0)^(0) A1 (0) [Ai (l)^(0) A l 

+ ^ Q r -0^ + 2^ r v +2^ r v 

(o) [Al (o)^(i) A ] N 

+2?/; r v 
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hi 

'48 




(0) Q/3 ^ pA (0) 



(o)^ (0) ^(o) A l x 



rpp + 2i/> r V 



(231) 



with A given in formula (128) from Ref. [T] (with q — > (ft and ^ as in l|187jl ). 
and 

( 2 ) /n + o\ 1 Aa) (2) \ 



13, 



(232) 



We observe from (|225|) that only now, in the presence of all fields, the quartic 
gravitini vertex is permitted, by contrast to the results from Refs. [2] and [3], 
where it has been shown that gravitini allow no self-interactions in D = 11 if 
separately coupled to a graviton or respectively to a three-form gauge field. 

Relying on (|217p and (|224p , we observe that the first orders of the interacting 
Lagrangian, Cq + A£i + A 2 £2 + ■ ■ ■ , come from the expansion of the following 
Lagrangian (expressed in terms of the 'curved' spin-vector ip^ and the field 
strength of the 'curved' 3-form Ap Vp ) 



n + n 



48 " 



Xk 
"96 

4Afc 
(12) 



^i/i 2 ---A»n A TP TP 



The notation D, 



( n+n 
V 2 



(233) 



■0p denotes the full covariant derivatives of tp p 



D„ 



n + n 



1 / n 



fiab 



fiab 



(234) 



and 

F^ypx = F pupX + XkS^Tvpipx]. (235) 

The field strength F pvp x reads as in relation (130) from Ref. pQ and the Levi- 
Civita symbol e^ 1 ^ 2 '"^ 11 is defined via formula (132) from the same reference. 

At the first sight it seems that we obtained two different interacting theories, 
respectively corresponding to the two different values of k and q from (|187p . k\ = 



h/2 



<7l = 



_ iV2 



2-(12) 4 



and ki = 



q 2 — 2 respectively. Nevertheless, this 
is not the case since the two models are correlated through the transformation 
A^vp — ► -A MVp , so (|233[) is the D = 11, N = 1 SUGRA Lagrangian for both 
choices (see also Refs. [8] and [9]). 

The pieces linear in the antifields from the deformed solution to the master 
equation give us the deformed gauge transformations for the original fields (the 
indexes fi, v, a, /?, 7 are flat) as 



+ A 



-h p{p d v) e p 
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+a 2 



16 



(o) 



(i) 



(2) 



5 t ,ehfiv + A S e^hfiu + A S e,shfi„ H , 



(236) 



8e,e->Pix = d^e + A 



+ ^l a ^A^P] ~ ^ aP ed [a h^ + -f (Y px sF pupX 



vp\a 



+ A 2 



K v h v <>d p e - ^p^e {-2h?d [a h 



+2h p[a (dflhfi - 2h p[a (&>h mil ) (d,h p[a ) h p fj] 
+ Y^7 p Vm (Kd [x e a] - e°d [p h x]a ) + ^ p (h X d [p e x] - h x p d^e x] ) 
-^ v e p d^h v]p - i (d a ip p ) ^h a(i - ^V^l^v) 

-^Y 5 1 VPX ^1^ X] + ^Y pX e (hlF vpX]a + d [ft (KA pX]a )) 



(0) (1) (2) 

S e, S 1pn + A 5 e , £ ^ + A 2 <5 e , e W + • ■ 



(237) 



5e,eA a py — ^E^] + A 



2 

+A 2 
+ 



e d s A a(h + -A d [a() 5° ] d la es i 
I (d S e [a0 ) h^hsr \ (d s hf a ) 4e l]a 
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+ 



(0) (1) (2) 

= 5 e,eA a i3j + X S eie A a ^ + A S e , e ^4 a /37 + ■ ■ ■ . (238) 

If we introduce the notation 

9^u = tV + Xh^, (239) 
then (|236p imply some gauge transformations for the metric tensor of the form 

jS €t s9iMu = £{ K u) + -gElVVv), (240) 

where 

e Pi „ = 0„e„ - rP v e p . (241) 

Here, V? are precisely the (affine) connection coefhcients associated with the 
metric (|2"3"5|) 

rP u =g pX r x ^ v , (242) 
where g pX are the elements of the inverse of (|239[) . and 

= ~ (d p g„\ + dug^x - d\g pu ) (243) 

stand for the standard Christoffcl symbols of the first kind. In (I240j) quantities 
are the 'curved' gauge parameters of the spin-2 field 

= e^ea^e^ + Xe^ + Xe^-l 

Using expansions (|211[) — (|212[) and transformations (|236[) . one can show per- 
turbatively that the gauge transformations of the vielbein fields and of their 
inverses read as 

jl, e e/ = e?d p e a " - e/d p e!> + e a b e/ - jsT^ a (245) 

and 

jl >e e% = l"d p e\ + e\d^<> + e\e\ + jey*1> M (246) 

respectively. Indeed, the translation and rotation gauge parameters allow the 
perturbative developments 

(of (if fX \ 

e* = e + A e + ••• = U " - ±h a " + ---U a ^ e/e° (247) 
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and 



(0) (i) 
£ ab + A 6 Q t, + 



:<9r„e 



a £ 6] 



respectively. Using now (f2T2|) combined with (f236|) . it follows that 



(o) (o) 



5 f .,e a „ = 5 t J\ = 0, 



•(248) 



(249) 



(!) 1 (o) 1 

6 £<e e% = -6 e , s h\ = -(d a e b + d b e a )a b , 

(0) P „ (0) a (o) a „ (of (of (of 
e d p e M + e p d M e + e b e p , 



(250) 



(2) 



'(0) 



1 



(0) 



5 f ,h a „ ft p „ - -/i Q „ 5 f F h p 



-2e m d m h a 



I „ ,™ 1 



- g (5 a e m + 9 m e a ) ft™ - -/& (9 m e" + 9"e m ) a nfi 



(< ( ) Q o (ij p (if n (< ( ) a (l) h 



<: 9 P e p + e p <9 p e + e p d M e 



(0) b i _ (0) 



(251) 



and thus (|249[) - (|251[) are nothing but the first three orders of the gauge trans- 
formations (|246p . 

As we specified before, all the original fields bear flat indices, so in (|236[) - 
(|238|) A a py means A abc and tfj^ is tp m . The first three orders of the gauge 
transformations for the gravitini, (|237|) . can be put under the form 



(0) 



e,eWm = e m Dp III) 



(252) 
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(1) 



-' (1) ^(°) /»\ (0) *"V-> /~\ (uy (o) 

$ e,eip m = e m Dp \ Q) e+ e m Dp I 1 e + (dpip m ) e + e mn ifj n 

-j7 e q6 + — e m T sF^ p x - — e m T p Vp xosF , (253) 



(o) Ki) 



(or (o) 



(2) 



(2) ^(0) / " \ (1) ^ /~\ (0) 

d e ,eVm = e m Dp[nj e + e m Dp [ft) s + e m Dp 



(fij e + (d^ m ) e 



(i) 



(i) 



ifc, (i) m vpx (o) 



+ £ mn-0" + |7 Q >m £ afc + g (e^lfrm) V'a + "g" e m T EF w i 

ijfei(o) "(i) 1 ^ (°) 1*4(0) "W"^ (1) M ® (0) " PACT 

j l > r pf , -i *y r ff x - e r x fF 

9 m M^pA g to jwpA 72 pvp\a c - ± 

Jkio) (f ^ _ ifc.Co) -(0) M 1 "*" 

-^7 Qbc e (^ [m 7a^ c] ) + ^7m nM £ (^V^ 1 ) , (254) 



where 



(255) 



Consequently, we can state that formulas (|252[) - (1254p originate in the pertur- 
bative expansion of the expression 



S^m = e^Dp Q e + A 



-^e^T^sFpvpx - ^e^Tp^eF^ + j (^)^ 9 



(256) 



Taking into account (|245[) . from (|256p we deduce the form of the gauge trans- 
formations for 'curved' gravitini, ip^ = ij) m e m p, as 



<5 £ , e Vu = Dp (n e + A 



g trp V pX ^2 A" y P Acrt 



(257) 



We reprise the same procedure with respect to the 3-form. The first three orders 
of (|238p (with a/37 ~~ * a ^ c ) can be organized as 



c°) A°) \ (o) " 



(258) 



(i) 



(i) 



(o) /(°) 



(i) " 



<5 e , e A a6c = Dp (w)e [o6 e c] + Z? M (u)e [ab e c] 
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(0_f (0) 

+ (dpA abc ) e + ^4"| a;) e c ]m ~ ^i £ 7[ at) i>c), (259) 
<* e , £ 4k = I M e [afc I e c] + I Op H e [ah I e c] 

/ (0) \ (2) " (l/ (1) 

+ I M £ [ab J e c] + (d^abc) e + A m [ab e c]m 
-\W n ^[ a ) A bc]m , (260) 

(0) (1) (2) 

where we denoted by D M , Dp, and Dp the net contributions of orders zero, 
one, and two respectively of the covariant derivative 



Df,, (w) £ab = dpE ab + 77 (e a m UJp bm ~ S b m LOp am ) . (261) 



1 

2 

Therefore, relations (I258j) - (|260|) are nothing but the first three orders of the 
general formula 



l,eA abc = («) e [o6 ) e c] " + A [(d^A abc ) e" + A m [ab e c]m 

-hs~/[ ab ip c ] - (e-/ m tp [a ) A bc] . 



(262) 



Due to (|245p and (|262[) . we obtain the gauge transformations of the 'curved' 
3-form, A^yp, are given by 

Se,eAf, V p = d[^ vp ] + A e x d x A^ p + A x[fiV (d p] e x ) - k^^Ap] , (263) 
where 

a b c a = a b 

pup — & y° pfiabc: £ pv — 6 p€ v c.ab- 

So far, we proved that the only consistent interactions in D = 11 for a 
spin-2 field, a massless 3-form, and a massless (Rarita-Schwinger) spinor vector 
complying with our working hypotheses are nothing but the first orders of the 
Lagrangian formulation of D = 11, N = 1 SUGRA (action (|233|) and gauge 
transformations ([IMS]) . f2"57j) . and f2"6"3"j)). The uniqueness of-D = ll,JV = l 
SUGRA to all orders in the coupling constant can be shown using exactly the 
same procedure like in Section 6 of Ref. pQ. Thus, it can be proved that the 
complete deformed solution of the master equation for a spin-2 field, a massless 
3-form, and a massless Rarita-Schwinger spinor, consistent at all orders in the 
coupling constant 

S = S + XSi + X 2 S 2 + ■■■ , (264) 

coincides at each order with the solution of the master equation for D = 11, 
N = 1 SUGRA modulo a redefinition of the coupling constant of the type 

A ^ A (1 + /c 2 A 2 + fc 3 A 3 + •■■). (265) 
where (k m ) m>2 are some arbitrary, real constants. 



43 



6 Conclusion 



To conclude with, in this paper we have completed the cohomological BRST 
approach to the consistent interactions in eleven spacetime dimensions that can 
be added to a free theory describing a massless spin-2 field, a massless (Rarita- 
Schwinger) spin-3/2 field, and an Abelian 3-form gauge field. The couplings are 
obtained under the hypotheses of smoothness in the coupling constant, locality, 
Lorentz covariance, Poincare invariance, and the derivative order assumption 
(the maximum derivative order of the interacting Lagrangian density is equal to 
two, with the precaution that each interacting field equation contains at most 
one spacetime derivative acting on gravitini). Our main result is that if we 
decompose the metric like g^ v = + \h^ v , then we can couple the 3-form and 
the gravitini to in the space of formal series with the maximum derivative 
order equal to two in h^ v such that the resulting interactions agree with the 
well-known D = 11, N = 1 SUGRA couplings in the vielbein formulation. Only 
now, in the presence of all fields, the cosmological term and the gravitini 'mass' 
constant are forbidden and the quartic gravitini vertex is unfolded. Although at 
a first sight it seems that two different theories emerge (corresponding to the two 
different values of k from (|187p ). in fact each of them describes D = 11, N = 1 
SUGRA since they can be obtained one from the other by the simple 3-form 
redefinition A a bc — * —A a b c - Our approach is thus a systematic, cohomological 
proof of the uniqueness of D = 11, N = 1 SUGRA. 
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